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We investigate an imbalance between the sensitivity of the common state measures-fidelity, trace 
distance, concurrence, tangle, von Neumann entropy and linear entropy-when acted on by a depo- 
larizing channel. Further, in this context we explore two classes of two-qubit entangled mixed states. 
Specifically, we illustrate a sensitivity imbalance between three of these measures for depolarized 
(i.e., Werner-state like) nonmaximally entangled and maximally entangled mixed states, noting that 
the size of the imbalance depends on the state's tangle and linear entropy. 
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Because the outcome of most quantum information 
protocols hinges on the quality of the initial state, pure 
maximally entangled states are often the optimal inputs. 
However, decoherence and dissipation inevitably decrease 
the purity and entanglement of resource states, yield- 
ing partially entangled mixed states. The most com- 
mon measure used to benchmark a starting state resource 
is the fidelity 0, as used e.g., in entanglement purifi- 
cation 0, |1| and optimal mixed state teleportation Q. 
Likewise, the success of these procedures is often judged 
using the fidelity of the output state with some target, as 
is the case, for example, in quantum cloning 5] . Recently 
it was found that, for the specific case of maximally en- 
tangled mixed states H0||] (MEMS), using the fidelity 
to compare an experimentally produced state and a tar- 
get state was a less sensitive way of assessing experimen- 
tal agreement than comparing the tangle |9l llfjj and the 
linear entropies of those states Because one 

needs to understand the best way to benchmark states 
for quantum information protocols, here we examine the 
fidelity for more general entangled two-qubit mixed quan- 
tum states and note its behavior in relation to the com- 
mon state measures of linear and von Neumann entropy, 
tangle and concurrence, and trace distance. 



After some general calculations for depolarized states, 
we consider explicitly two classes of two-qubit entangled 
states acted on with depolarizing channels: nonmaxi- 
mally entangled states and maximally entangled mixed 
states. The effect of a depolarizing channel is to make the 
states we study similar to the Werner states (an incoher- 
ent combination of a pure maximally entangled state and 
completely mixed state) UJL UM . w hich have been real- 
ized with polarized photons |15lllq |. These two classes of 
states were chosen because they allow us to study mixed 
state entanglement for states of current interest, and also 
to understand how these states change under uniform 
depolarization. Such a uniform depolarization model is 
applicable to many examples of real experimental deco- 
herence. 



I. GENERAL SENSITIVITIES OF MEASURES 

Before considering specific examples of entangled 
mixed states, we examine general sensitivities for sev- 
eral measures using generic depolarized density opera- 
tors. The depolarized iV-level system (N = 2 for a qubit, 
N = 4 for two qubits, etc.) is 



P 



(/ = (l-e)p+—l N , 



(1) 



where e is the strength of depolarization. 



A. Fidelity 

For direct comparison of two mixed states, e.g., pt and 
p p , for target and perturbed states, respectively, we first 
discuss the fidelity introduced by Jozsa pj: 



F(pt,pp) 



Tr 



PtPpVPt 



(2) 



In the simpler case of two pure states \ip t ) and \ip p ), F 
reduces to K^pji/'t)! 2 - It is also important to note that 
some researchers, as in [T3 |, use an amplitude version of 
the fidelity: / = s/F. In either case, the fidelity is zero 
for orthogonal states and one for identical states. 

Because we wish to consider small perturbations in the 
fidelity, the "amplitude version" / should be less sensitive 
because it lacks the square. We consider a generic state p 
with eigenvalues {A^}, depolarized by e. The amplitude 
fidelity / between the output state p' and the input p is 



f(P,p') = Tr ^ '(1 -e)p 2 + ^P 



(3) 



(4) 



We assume e is small such that e -C iVA/|l— NX\, where A 
is the smallest nonzero eigenvalue. Thus, we can expand 
the above expression to second order in e: 
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where is the number of nonzero eigenvalues of p. 
When p is of full rank (i.e., % = N), the first order 
term vanishes, and the fidelity is sensitive only to second 
order in the small depolarizing parameter. If p is not full 
rank, / is sensitive to first order, but becomes less so as 
the rank becomes higher. Squaring the result JSJ) in fact 
gives the same order of sensitivity for F. 



B. Trace distance 

Another possible measure used to compare two states 
is the trace distance ^]J, given by 

D(pt,Pp)=l r Tr\p t -p p \. (6) 

Evaluating the trace distance using (JTJ gives 

i 

Here the 1/N term comes from the N x N mixed state 
(1n/N) used to depolarize p to create p' |QJ. Thus, we 
see that the trace distance is always linearly sensitive to 
the strength of depolarization, except for p = t N /N, 
i.e., the fully mixed state. Consequently, the difference 
between two similar states will in general be less apparent 
when using / (or F) than when using D. 



D. Von Neumann entropy 

Another frequently encountered entropy measure is the 
von Neumann entropy: 

Sy(p) = -Tr(p\np). (10) 

Using and evaluating AS = Sy(p') — Sy(p) to first 
order gives 

AS«-^ f ln,+ (11) 

,j 1 . w .s t a u .>j u ,J, 

where n® (no) is the number of nonzero (zero) eigen- 
values of p, and + hq = N. When p is not a full 
rank matrix (i.e., no 7^ 0), the von Neumann entropy is, 
to leading order, sensitive in elne (stronger than order 
e). As the rank become higher, this elne sensitivity de- 
creases. When p is of full rank (i.e., n = and iig, = N), 
the von Neumann entropy is linearly sensitive in e unless 
SV = — Tv2i m ^i> which is again possible only when 
A, = 1/N, i.e., for the fully mixed state p = 1n/N. 

E. Concurrence and Tangle 

Here we examine two ways of quantifying the entangle- 
ment of a system, restricting our attention to two-qubit 
states. We will first derive the variation of the concur- 
rence for an entangled state acted on by a depolarizing 
channel, then use this to find the result for the tangle, 
which is the concurrence squared. 



C. Linear entropy 



Concurrence 



To quantify the mixedness of a given state p, we first 
consider the linear entropy (Sl), which is based on the 
purity, and for an ./V-level system is 



Sl(p) 



N 



N — 1 



[1 - Tr(p 2 



(8) 



The linear entropy is zero for pure states and one for 
completely mixed states, i.e., Sl = 1 for the normalized 
./V-qubit identity ljy/N. The change in the linear entropy 
under a depolarizing channel is: 



Sl(p')- Si» = (2e-e 2 )(l- S L ). 



(9) 



Therefore, the linear entropy is always linearly sensitive 
in e, except when S^(p) = 1, namely, when p is the fully 
mixed state Ijv/iV. Thus, the linear entropy is, in gen- 
eral, more sensitive to the depolarizing channel than the 
fidelity, as was previously shown for the specific case of 
any depolarized linear pure single-qubit state |18|. 



The concurrence is given by [2( 

C(p) = max{0, v/AT - \/% - \/% - \/%}, (12) 

where Xi are the eigenvalues of pp in non-increasing order 
by magnitude. Here we define p = (02 <8> <Ji)p f (&2 ® < T 2) 

with a 2 = ( °. ~ l 

Suppose {Xi} are arranged in non-increasing order, and 
the state p is entangled, so that C(p) = \fX~\ — \f\~2 — 
y/X~3 — VX~4- (If p is unentangled, p' , which has additional 
noise, is still unentangled.) To find the concurrence of p' , 
we have to evaluate the eigenvalues of the matrix 

p'p> = (1 - efpp + |(1 - e)(p + p) + ^1 4 . (13) 

We can treat the last two terms as perturbations and 
evaluate the eigenvalues to leading order: 



A' i «(l-e) 2 A l + -(l-e)(p + / 5) ! + 



16' 



(14) 
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where 



|#(0)) = cos2(9|00) +sin20|ll), 



(21) 



(p + p) l = (X t \(p + p)\X t ). 



(15) 



For e < A, where A is the smallest nonzero value of {Aj}, 
we have, to leading order, 



(16) 



OV A,; 



Hence, the change in concurrence (AC = C(p') — C(p)), 
is given by 



AC 



A,=0 



E dj(i-e)( P +Ph 
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eC{p) 



e (p + p) 



i=2,A;^0 



(P + P)i 

AT 



(17) 



The variation of concurrence is thus at worst first order 
in e except for the unlikely case that 



C{ P ) 



{p + Ph 



E 



(p+p)t 
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(18) 



when p is of full rank. 



2. Tangle 



To characterize a state's entanglement, one may also 
use the tangle i.e., the concurrence squared: 



T(p) = C{pf 



(19) 



Using the result for variation in concurrence, the varia- 
tion of tangle can now be expressed as T" — T w 2CAC. 
Thus, the tangle is also typically sensitive in the first 
order to depolarizing perturbations. 

In summary, we have thus far shown that, under the 
influence of a small depolarizing channel, the fidelity is 
not as sensitive as the change in trace distance, linear 
entropy, von Neumann entropy, concurrence, and tangle. 
Next we shall illustrate this fact for specific states and 
investigate the situation for larger depolarization and for 
variable entanglement. 



II. INVESTIGATION FOR SPECIFIC STATES 

The first state we consider is similar to the clas- 
sic Werner state, but we allow arbitrary entanglement 
through the use of a variable nonmaximally entangled 
pure state component in addition to the mixed state di- 
lution: 

Pl (e,6) = (l-e)\*(0)){*(fi)\ + lu, with (20) 



where the parameter 9 controls the entanglement and 
e the mixedncss. We choose this parameterization for 
simplicity and because the entropy and the entanglement 
of the state are somewhat uncoupled from each other. In 
this case, the concurrence is C( P i(e,9)) = max{0, 2(1 — 
e) cos 29 sin 29 — e/2} (assuming cos 29 sin 29 > 0) and the 
linear entropy depends only on epsilon, Sl( P i{c,Q)) — 
2e — e 2 . In a similar way, we depolarize a maximally 
entangled mixed state (MEMS) according to 

p 2 (e,r) = (l-e)pMEMs(r) + |l 4 , (22) 

where the MEMS, using the parameterizations of concur- 
rence (or equivalently tangle) and linear entropy, is given 

by! 
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the parameter r is the concurrence of the MEMS. 

With these parameterizations, we may map out con- 
stant fidelity curves between a target state and a per- 
turbed state in the linear entropy-tangle plane (we choose 
these particular measures for calculational simplicity and 
because (|2"U|) and (|2"2"|l cover the entire physically allowed 
region of the plane). It is our purpose to use these curves 
to gain insight as to how the entanglement and mixed- 
ness may vary over a constant fidelity curve and how 
this variation may in turn depend on the amount of en- 
tanglement and mixcdness. To do this, we calculate the 
fidelity between a target state pi(e t , 9 t ) and a perturbed 
state pi(e p ,9p). Specifically, the parameters e p and 9 P 
are varied to create perturbed states of all possible tan- 
gle and entropy values as long as the perturbed state has 
a given fidelity with the target. Likewise, the process is 
repeated for pz(et,rt), but instead varying the parame- 
ters of p 2 (e P ,?>). 

In the pure, maximally entangled limit, both (|20|l and 
(I22|l reduce to the maximally entangled state \<p + ) = 
(| 00) + |H))/\/2- Therefore, this is a natural state with 
which to start our discussion. Because l|20|) and 1)221) 
occupy different regions of the entropy-tangle plane, it 
is not surprising that we need to use both equations to 
map out the constant fidelity curves for \4> + ), as shown 
in Fig. ^ The horizontal curves in the region bounded 
above by the Werner state curve, are traced out by com- 
puting the fidelity of with fflft. This fidelity is 
F = (1 + VT)/2 and, surprisingly, does not explicitly de- 
pend on the depolarization of the perturbed state. The 
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Constant Fidelity Curve 
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FIG. 1: Constant fidelity curves for the maximally entangled 
state (|00) + \l\))/\/2 (star, upper left corner). Also shown 
are the Werner state curve (dotted line) and, bounding the 
gray region of nonphysical entropy-tangle combinations, the 
MEMS curve, which is solid for pmems i and dashed for 
Pmems ii- The (horizontal) constant fidelity curves below 
the Werner state curve are swept out by comparing the start- 
ing state with states of the form pi(e, #), equation (121)1 . while 
the (nearly vertical) curves above the Werner state line are 
generated by varying the parameters of P2(e, r) given by equa- 
tion For comparison, the pure product state 1 00) (lower 
left corner) has fidelity of 0.5 with this target. 



maximal fidelity of any two-qubit state with maximally 
entangl ed p ure states was found by Verstraete and Ver- 
schelde [Hf to be bounded above by (1+VT) /2. The two- 
qubit states lj2"U|) saturate this bound (as does any two- 
qubit pure state) . Any entangled state that saturates this 
bound apparently has F > 1/2, thus allowing concentra- 
tion of entanglement via the BBPSSW scheme Q with- 
out requiring local filtering 20] . Another consequence 
of this simple fidelity expression is that, when compar- 
ing (|20|) with |</> + ), the fidelity by itself cannot distin- 
guish between pure nonmaximally entangled states and 
Werner states of the same tangle. For example, both the 
nonmaximally entangled pure state pi(0, 11.25°) and the 
Werner state pi (0.19525, 22.5°) have tangle equal to 0.5, 
and each has fidelity 0.854 with \<j) + ). 

To trace the curves above the Werner state line, we 
calculate the fidelity of \<t> + ) with equation In this 

case, the analytic expression for the fidelity does not pro- 
vide much insight, so we only present numerical results, 
yielding the nearly vertical curves shown in Fig.^ Notice 
that the vertical curves scale nearly the same as the hor- 
izontal curves. Thus, when comparing with states 



FIG. 2: Constant 0.99-fidelity curves for several starting 
MEMS, plotted as stars. The constant fidelity curves are cal- 
culated by comparing the target state with p2(e,r) where e 
and r are varied to give different tangles and linear entropies. 
The dark gray regions are 20000 points per initial MEMS, 
corresponding to numerically generated density matrices that 
have fidelity of 0.9900 or higher with the target. 



created using l|2U)) and lj%2"|l that each separately have 
the same fidelity with |</> + ), the linear entropy and tan- 
gle for (|20l) and l|22|l change by about the same amount 
when the fidelity changed. So both l|20|) and (|22|l display 
approximately the same fidelity insensitivity. 

Next we consider the effect of depolarizing target max- 
imally entangled mixed states (MEMS). In this case, we 
calculate the 0.99-fidelity curve for several target states, 
shown as stars in Fig. El Note that the 0.99-fidelity curve 
encloses a much larger area for any of the MEMS targets 
than it does for the \<t> + ) calculation (Fig. [TJ. We at- 
tribute this to the fact that depolarizing a pure state 
changes the fundamental character (as measured with 
the fidelity) of the state more than does depolarizing an 
already mixed state. Also shown in Fig. |3 are the re- 
sults of a numerical Monte Carlo simulation, where we 
assumed an ideal starting state, then calculated the pre- 
dicted counts one would expect to measure in an experi- 
ment if there were no measurement noise or fluctuations. 
These ideal counts are then perturbed in a statistical way 
to give a variation one might expect in an experimental 
measurement for a total collection of ~2000 counts |21| . 
Note that the sizes and shapes of the simulation and the 
constant fidelity curves are similar but not identical. As 
the simulation is random, it behaves somewhat like a 
depolarizing channel, adding uniform noise (explaining 
some of the similarity); however, random fluctuations 
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FIG. 3: Constant fidelity curves for a nonmaximally entan- 
gled mixed state (p%(e = 0.225, # = 11.57°)) compared with 
states calculated by varying e and 8. In the case of this mixed 
entangled state, the constant fidelity regions are surprisingly 
large: for example, a 0.9 fidelity with this starting state could 
arise from a nearly pure entangled state or from an unentan- 
gled near fully mixed state. The 0.9 and higher fidelity region 
covers ~60% of the physically allowed region of the linear 
entropy-tangle plane. 



are not enough to mimic the extreme changes along the 
MEMS curve, as the MEMS density matrices posses a 
very specific form. 

The two previous cases dealt with states that have the 
highest entanglement values, i.e., they are bounded by 
the edges of the physically allowed regions of the entropy- 
tangle plane. To investigate the behavior "on the open 
plane," we examine an entangled mixed target state that 
is a specific example of lj2*U|) : 

pi(~ 0.225,- 11.57°) = 

/0.7113 0.2800\ 

0.0564 I . . 

0.0564 ' ( } 

V 0.2800 0.1760/ 

which is shown as a star in Fig. [3J Note that the 0.99- 
fidelity region is much larger than for any of the previous 
target states, including the MEMS. This result is partic- 
ularly astonishing when viewed in light of what is typi- 
cally considered "high fidelity" experimentally for entan- 
gled states: 0.9 to 0.99 depending on the particular two- 
qubit implementation (although some single qubit fideli- 



ties have been reported at the 0.999 level H^)- Consider 
the 0.9-fidelity curve in Fig. 03 This level of fidelity with 
the target states could mean one has a nearly pure max- 
imally entangled state (Sl — 0.07, T = 0.79) or a nearly 
completely mixed unentangled state (Sl — 0.85, T = 0). 

The extreme insensitivity of the fidelity for the target 
state is consistent with equation JSJ, which indi- 
cates that fidelity sensitivity drops off as the rank of a 
state increases. In this case l|23|) has rank four while the 
MEMS have either rank two or three (and the maximally 
entangled pure state \<j> + ) is rank 1); thus (|23[1 exhibits 
larger constant fidelity curves than the MEMS or \4> + ). 
In addition, we conjecture that this effect may be further 
exacerbated because the addition of symmetric noise to 
an already highly mixed state (which has a symmetric 
form) changes the character of the state less than for a 
MEMS (which has an asymmetric form). 

In summary, we have shown an imbalance between the 
sensitivities of the common state measures-fidelity, trace 
distance, concurrence, tangle, linear entropy and von 
Neumann entropy-for two classes of two-qubit entangled 
mixed states. This imbalance is surprising in light of the 
fact that orthogonal states which have zero fidelity with 
one another may have the same entanglement and mixed- 
ness; thus, one might have expected the fidelity to be a 
more sensitive means to characterize a state than quanti- 
fying state properties like entanglement and mixedness. 
Here we have shown an opposite effect. Specifically, we 
have investigated several examples at different locations 
in the entropy-tangle plane, where the trend shows pro- 
gressively larger 0.99-fidelity regions as the state becomes 
more mixed and less entangled. We also have shown that, 
at least for maximally entangled target states, the fidelity 
is insensitive when comparing between Werner states and 
nonmaximally entangled states of the same tangle. This 
work has important ramifications for benchmarking the 
performance of quantum information processing systems, 
as it reveals that the usually quoted measure of fidelity is 
often a remarkably poor indicator, e.g., of the entangle- 
ment in a state, on which the performance of quantum 
information systems often depend. This may have conse- 
quences, for example, for determining the limits of fault 
tolerant quantum computation |23j , and it may be bene- 
ficial to include other benchmarks in addition to/instead 
of fidelity when characterizing resources needed for vari- 
ous quantum information protocols. 
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